Abstract. Spencer asked whether the Paris-Harrington version of Hindman's theorem has primitive recursive upper bounds. We give a positive answer to this question.
Introduction
Inspired by Paris-Harrington's strengthening of Ramsey's theorem [2] , Spencer defined in a similar way the following numbers (which we denote by Sp(m, c)) related to Hindman's theorem. Let Sp(m, c) be the least integer k such that whenever [k] = {1, . . . , k} is c-colored then there is H = {a 0 , . . . , a l−1 } ⊂ [k] such that H (sums of elements of H with no repeatation) is monochromatic and m ≤ min H ≤ l. It is clear from Hindman's theorem that for all positive integers m, c, Sp(m, c) exist. Spenecr asked whether Sp(m, c) is primitive recursive. In this paper we give a positive answer to this question. In fact we define the more general numbers Sp(m, p, c) and show that it is in E 5 of the Grzegorczyk hierarchy. 
To prove our theorem we use the numbers U(n, c) for the disjoint unions theorem [3] . We also need to consider the finitary Hindman numbers Hind(n, c) defined in the below. Let's first fix some notations. Let A, B be finite subsets of N, by A < B we mean max A < min B. If T is a collection of pairwise disjoint sets, then N U (T ) will denote the set of non-empty unions of elements T . Also by T = {A 0 , . . . , A l−1 } < we mean that the elements of T are finite non-empty subsets of N and A 0 < · · · < A l−1 . We also need the following notation. Let A = {a 0 , . . . , a n } be a finite subset of N. Let exp 2 (A) denotes 2 a0 + · · · + 2 an . We will use the simple fact that if A, B are two nonempty disjoint finite subsets of N, then exp 2 (A ∪ B) = exp 2 (A) + exp 2 (B). Also we have A = B iff exp 2 (A) = exp 2 (B). We denote the collection of nonempty subsets of S by P + (S). 
Theorem 1.3 (Taylor, [3] ). U(n, c) is a tower function.
Definition 1.4. For positive integers n, c, let Hind (n, c) be the least integer k such that whenever NU {A 0 , . . . , A k−1 } < is c-colored, then there is {d 0 , . . .
It is also known that 
Spencer Numbers
Let m, p, c be positive integers and let k * = Hind(p + 1, c). We inductively define a sequence of positive integers n i ; i < k * + 1 as follows.
(i) n 0 is the least integer with m ≤ 2 n0 , Proof. Let c be a c-coloring of {1, . . . , 2 n k * }. We will find H = {a 0 , . . . , a l−1 } ⊆ [2 n k * ] satisfying the requirements of Definition 1.1. For 0 ≤ i ≤ k * − 1 we first define the following intervals of positive integers
For the next step, we shall find specific disjoint subsets w i,s ⊆ S i for 0 ≤ i ≤ k * − 1, 0 ≤ s < m i by reverse induction on 0 ≤ i ≤ k * − 1. Let c i be a coloring of P + (S i ) defined as follows. For every u, v ∈ P + (S i ), we put c i (u) = c i (v) if for all A ∈ P( j<i S j ) and all B ⊆ {i + 1, . . . , k * − 1}, we have
As |P( j<i S j )| = 2 
